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Accurate and Efficient Solutions of Compressible Internal Flows

A. Dadone* and M. Napolitanof
Universitd degli studi di Bari, Bart, Italy

This paper applies a new perturbative lambda formulation to one- and two-dimensional compressible internal
flows. The lambda Euler equations are recast in terms of perturbation-type variables, which are the differences
between the usual characteristic (Riemann) variables and those corresponding to an appropriate incompressible
flow. In this way, the geometry-induced gradients are accounted for by the incompressible flow solution and the
rather smooth correction due to the compressibility effects, can be solved accurately with even a very coarse
mesh. The perturbative equations are provided for the cases of one- and two-dimensional flows and are solved
numerically by means of a fully implicit and an alternating direction implicit method, respectively. The accuracy
and efficiency of the proposed approach are demonstrated by means of a few example/applications.

Introduction

S TEADY as well as unsteady compressible flow phenom-
ena play a very significant role in most propulsive applica-

tions of engineering interest and have been the subject of
many theoretical and experimental studies. Due to the spec-
tacular developments in computer hardware and software in
the last few decades, numerical simulation has become a very
useful and widespread tool for predicting compressible flows
in complex geometries of practical relevance.

Among the several numerical methods developed for com-
puting compressible inviscid flows, the so-called lambda for-
mulation, recently developed and employed by Moretti et
al.,1'2 has several very desirable features. The time-dependent
compressible Euler equations are recast in terms of com-
patibility conditions for characteristic (Riemann) variables
along characteristic lines and discretized by means of upwind
differences that correctly take into account the direction of
wave propagation. In this way, a numerical technique is ob-
tained, which combines the coding simplicity of finite dif-
ference methods with the intrinsic accuracy and physical
soundness of the method of characteristics. Since its first ap-
pearance as a working tool for solving compressible flows
numerically,1 the lambda formulation has undergone several
improvements. The authors have developed various implicit
integration schemes3"5 in order to enhance the efficiency of the
lambda methodology by removing the CFL stability limitation
of the explicit schemes employed previously.1'2 Also, when
solving two-dimensional compressible flows in a general or-
thogonal curvilinear coordinate system,4 they have shown that
a significant improvement in the accuracy of the solution is
obtained by employing the incompressible potential flow net
as the computational grid for the numerical calculation of the
compressible flow. In this way, a desired accuracy level can be
achieved using a coarser grid, that is, at a lower computation
cost. A noteworthy contribution toward improving the effi-
ciency of the lambda methodology for computing steady flows
has recently been provided by Moretti, who devised ap-
propriate implicit relaxation methods for both one- and two-
dimensional flows.6'7 In particular, for the case of one-
dimensional steady flows, Moretti has shown that a box-type
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spatial discretization is the one that best mimics the method of
characteristics and provides considerably more accurate
results than those obtained by means of any other second-
order-accurate spatial discretization. Moreover, he has
developed a simple and effective shock-tracking procedure
that correctly locates and moves shocks of arbitrary strength.6

This paper provides a further improvement of the lambda
methodology by combining all of the aforementioned ad-
vances with a new perturbative approach. The idea of employ-
ing perturbation-type equations8—which has been in-
dependently implemented by other authors in a more general
context9—is indeed the most natural and logical development
of the method proposed in Ref. 4. In fact, if the incompres-
sible potential flow net is used as a very suitable computa-
tional grid,4 so that an accurate incompressible flow solution
is available at no extra cost, it is convenient to reformulate the
governing equations in terms of new variables, which are the
differences between those corresponding to the sought .com-
pressible flow and those corresponding to the known incom-
pressible one. In this way, the geometry-induced gradients are
mostly accounted for by the incompressible flow solution and
the perturbative problem, which is smoother and better be-
haved than the full compressible one, can be solved very ac-
curately even on a coarse grid.

The advantage of such an approach is paramount when
computing flows having one or more stagnation points,
around which very large geometry-induced gradients are pres-
ent; see, for example, Ref. 10, which provides some airfoil
flow calculations by means of the present perturbative lambda
formulation. Here, the proposed approach is tested vs one-
and two-dimensional internal flows, which are more relevant
to propulsion applications. For the case of one-dimensional
flows, the new formulation, combined with the implicit in-
tegration scheme of Ref. 3 and employing the box-type spatial
discretization as well as the shock-tracking procedure due to
Moretti,6 will be shown to provide an extremely accurate and
efficient technique. For the case of two-dimensional flows, the
present approach, using a simplified version of the alternating
direction implicit (ADI) scheme proposed by the authors,3'4
will be seen to produce more accurate results than those ob-
tained by means of the already very accurate method of Ref.
4, even in the absence of large geometry-induced gradients.

One-Dimensional Flows
Numerical Method

For the case of quasi-one-dimensional isentropic flows, the
lambda formulation equations are given in dimensionless
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form as1'2 neglecting terms of order A2 , to give
t + \cCx= —

Dt + \dDx = otua

(1)

(2)

where u and a are the speeds of the fluid and of the sound,
respectively, a. is the specific rate of change of the cross-
sectional area W(ot= WX/W), and the subscripts x and t in-
dicate partial derivatives with respect to the longitudinal coor-
dinate x and time t. C and D are the two characteristic
(Riemann) variables and Xc and X^ are the slopes of the cor-
responding characteristic lines, namely

(3)

(4)

(5)

(6)\d=u-a

with f = 2/(y — 1) ,7 being the specific heats ratio of the perfect
gas under consideration.

Let us now consider a new set of perturbative dependent
variables, namely

u=u—u,

C=C-C', = D-De

(7a,b)

(7c,d)

In Eqs. (7), u' and a' are the solution of the following steady
"incompressible flow" equations

u' W= const (8)

(9)

where #0 is the total (stagnation) speed of sound of the con-
sidered compressible steady flow, and C' and/)' are obtained
from u ' and a ' by means of equations formally identical to
Eqs. (3) and (4).

Equations (1) and (2) are then written in terms of the new
perturbative variables, to give

= -kld-k2u-aud-k4

where kl, k2, £3, and k4 are given as

= ux-oia' -kl

(10)

(11)

(12)
(13)

(14)

(15)

It is noteworthy that kl, k2, £3, and k4 are known coefficients
that depend only on the incompressile flow solution and are
therefore constant with respect to time. Also, in Eqs. (10) and
(11), the unknown dependent variables are all perturbations
with respect to the incompressible flow solution, except for Xc
and Xd, which are the slopes of the physical characteristic
lines, that is, those corresponding to the complete compressi-
ble flow solution, u and a. Therefore, Eqs. (10) and (11) can
be interpreted as compatibility conditions for "perturbative
disturbances."

Equations (10) and (11) are discretized in time by means of a
two-level implicit backward Euler scheme, using the delta (A)
approach of Beam and Warming,11 and linearized in time by

+ k2Au + a ( un Aa + dn Au)

= -\n
cCn

x-kldn-k2un-aundn-k4

/At + \n
dADx + Dn

x(Au-Aa)+k\Aa

+ k3Au -a(u"Aa + d"Au)

(16)

(17)

In Eqs. (16) and (17), the superscript n indicates variables that
are evaluated at the old time level tn explicitly, whereas A in-
dicates time increments of the perturbative variables from the
old time level tn to the new time level, tn+1=tn + At, namely,

AC=Cn+l-Cn,

= un

= Dn+l-Dn

l-dn

(18a,b)

(18c,d)

Equations (16) and (17) are rewritten in such a way as to
eliminate the Au and Aa variables in terms of AC and AD by
means of the following relationships:

(19)

(20)

which can be obtained very easily from Eqs. (3), (4), (7), and
(18). The resulting equations — which are omitted here for the
sake of conciseness — are discretized in space by means of a
two-point second-order-accurate upwind box scheme: all of
the terms in Eq. (16) are evaluated at the center of the mesh
immediately preceding the xf gridpoint, that is,

AC/At=

X c =(X c / + Xc /_1)/2

ACx=(ACi-ACi_l)/Ax

k2AD = i + ADi_l)/2

(21)

(22)

(23)

(24)

(25)

and so on; all of the terms in Eq. (17) are evaluated instead at
the center of the mesh immediately preceding or following the
Xj gridpoint, according to whether the local Mach number M,
is greater or lower than 1, respectively. For example, we have

ADx=s(ADi-ADi_s)/Ax

(26)

(27)

with 5 = sign(Mf-1). Notice that the incompressible flow
coefficients and a, which are known analytically, are
evaluated at the center of the mesh, whereas all of the other
terms, which are computed numerically, are averaged from
gridpoint values. Also, it has been found that approximating
the terms of the type aun Aa as in Eq. (25) produces a dramatic
increase of the convergence rate of the numerical solution with
respect to using the formally equivalent discretization

aunAa = f ) /4 (28)

It needs to be remarked that the use of an upwind box-type
discretization, as described above, causes a difficulty
whenever a transition mesh is present, namely, a mesh in
which the flow becomes supersonic or subsonic. In the first
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case, the same spatial discretization of Eq. (17)—averaged at
the center of the transition mesh—would be employed twice,
since the two gridpoints immediately preceding and following
such a mesh are characterized by subsonic and supersonic flow
conditions, respectively; the resulting linear system to be
solved would thus become indeterminate, leading to a failure
of the numerical solution. In order to avoid such a breakdown
of the method, Eq. (17) is discretized in space locally at the
two aforementioned gridpoints, using a two-point first-order-
accurate upwind difference for ADX and a three-point second-
order-accurate upwind difference for DJ, so that the final
steady-state solution remains second-order accurate in space.
In the second case, i.e., when a shock is present in the transi-
tion mesh, the shock-tracking procedure by Moretti6 is used to
determine the position and velocity of the shock as well as to
account for the discontinuities that the entropy and the C
variable experience through the shock. However, since Xc is
also discontinuous through the shock and cannot therefore be
averaged over the two neighboring gridpoints, Eq. (16) is
discretized in space locally at the gridpoint immediately
following the shock.

The boundary conditions are finally prescribed as follows.
At the inlet of the nozzle, where only subsonic flow conditions
are presently of interest, only one condition needs to be
prescribed, namely, the value of the total speed of sound a0.
The boundary condition at the inlet gridpoint xl is, therefore,

fa2 + u\ = fog (29)

Equation (29) is written in terms of the perturbative variables
and simplified by means of Eq. (9) to give

+2u'ul =0 (30)

Eq. (30) is then written in incremental form and linearized to
provide the sought boundary condition

1 + 2u{Aul

(31)

Obviously, like in the case of the internal gridpoints, Aal and
A«! are eliminated in favor of AQ and ADl by means of Eqs.
(19) and (20). At the outlet of the nozzle, where again only
subsonic flow conditions are of interest, the pressure is
prescribed. By means of the isentropic condition and account-
ing for the entropy jump across the shock, if present, the
outlet speed of sound #out can be easily determined.
Therefore, the boundary condition at the last gridpoint xf is

4 ___ / -ft ('\'}\

The discrete internal and boundary equations, obtained as
described above, provide a linear 2x2 block tridiagonal
system for the 21 unknowns, Cl9 C2,..., CI9 Dl9 D29...9 Z>7,
which is solved very efficiently by standard block tridiagonal
elimination.12 The solution is then updated by means of Eqs.
(18) and the process is repeated until a satisfactory con-
vergence is reached.

Results
The present approach has been applied to compute several

one-dimensional nozzle flows. A converging, a diverging, and
a converging-diverging subsonic nozzle flows, as described in
Ref. 6, have been considered at first, in order to compare the
present method with the very accurate and efficient one pro-
posed by Moretti.6 A fourth, converging-diverging subsonic
nozzle flow has also been considered, whose geometry is
described later in the section devoted to the two-dimensional-
flow results (see Fig. 5). The first two and the fourth nozzle
flows have been computed using a uniform mesh with 9 grid-
points, whereas the third (converging-diverging) nozzle flow

has been computed using a finer mesh with 23 gridpoints. The
numerical results obtained by means of the present pertur-
bative approach are given in Table 1, as the root mean square
errors (with respect to the exact solution) for the pressure ep
and the velocity eu9 together with the corresponding ones
(ep, e^O obtained by Magi and Vacca13 using a nonperturbative
version of this method and the same meshes.

From the results in Table 1, it appears that an error reduc-
tion of about 2-10 times is obtained for the different cases for
both the pressure and the velocity when using the perturbative
approach. As far as the efficiency (convergence rate) of the
present computations is concerned, Table 2 provides the
number of iterations (time steps) z necessary for the root mean
square of Aw (Awrms) to become less that 1 .E-7, together with
the value of Awrms obtained after z iterations.

It is noteworthy that such a remarkable convergence rate is
due to both the box-type spatial discretization and the implicit
coupling of the governing equations used in the present
numerical technique, as well as to the use of very large values
of At. A comparable convergence rate has been obtained, in
fact, by Magi and Vacca13 applying the same numerical
scheme to the original lambda equations.

A transonic nozzle flow case has been finally considered in
order to test the present methodology when combined with the
shock-tracking method of Moretti.6 A nozzle having a dimen-
sionless cross-sectional area W=x/2+l/x (0<x<3), with a
unitary inlet total pressure and an outlet static pressure equal
to 0.75 has been used to this purpose. The same problem had
been already solved in Ref. 3, where only the range

of the nozzle was computed in order to avoid the

.0 1 .0 2 .0 3 .0

Fig. 1 Results for transonic nozzle flow.

Table 1 Subsonic nozzle flow results

Nozzle ep eu ep e£
1
2
3
4

3.76 E-5
1.04 E-4
1.16 E-3
7.53 E-4

1.20 E-4
1.76 E-4
1.97 E-3
1.49 E-3

1.12 E-4
1.15 E-3
2.21 E-3
3.54 E-3

2.82 E-4
1.82 E-3
3.28 E-3
7.47 E-3

Table 2 Subsonic nozzle flow convergence results

Nozzle

z
Awrms

1

4
8.4 E-10

2

5
8.5 E-9

3
6

9.0 E-9

4
4

7.8 E-12
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breakdown of the method as the Mach number approaches
zero near x=0. The results obtained using the present pertur-
bative method and a very coarse (nine gridpoints) uniform
mesh are given in Fig. 1, where the Mach number, pressure,
and total pressure obtained numerically (symbols) are plotted
vs the corresponding exact solutions (lines). The agreement is
excellent, verifying the great accuracy of the proposed ap-
proach, even for transonic flows. Notice that the two symbols
delimiting the shock are extrapolated from the neighboring
gridpoint values (see Ref. 6 for details).

The convergence rate of the method is, of course, somewhat
slowed down by the presence of the shock, which must be
detected and tracked. However, a remarkable efficiency is still
obtained, insofar as a satisfactory convergence has been ob-
tained for the present transonic flow calculation in less than 20
iterations; see Fig. 2, where the location of the shock and its
Mach number are plotted vs the number of iterations.

In all cases, the present method required less computational
work (CPU time) than the already very efficient fast solver of
Moretti6 to achieve a comparable convergence level.

Two-Dimensional Flows
Numerical Method

For the case of two-dimensional flows, the lambda-
formulation equations in a general orthogonal curvilinear
coordinate system are given in Ref. 4. An appropriate "in-
compressible flow," V (v{, v2), a>^ is then considered, which
is the solution of the following equations:

dE dE

divK'=curlF'=0 (33a,b)

(34)

It is noteworthy that the incompressible velocity V and
"speed of sound" a' are uncoupled and that a' can be
evaluated [once the velocity field has been computed by solv-
ing Eqs. (33)] by means of the algebraic equation (34), in
much the same manner as the pressure is obtained by means of
Bernoulli equation in the case of classical incompressible
flows. The incompressible flow, as defined above, is now used
to define appropriate perturbative bicharacteristic variables as

C=Vi + £d (35)

D=Vi-£d (36)

E = v2 + fa (37)

(38)

where vl9 v2, and a are obviously the differences between the
compressible and incompressible velocity components and
speed of sound, respectively. The two-dimensional pertur-
bative lambda-formulation equations can finally be obtained,
by means of some lengthy algebra, as

Vi+a dC v2 dC v{—a dD v2 dD
h2 dq2 dql h2 dq2

(39)

Table 3 M= 0.01 elliptic channel flow results

Mesh
8x4
16x8

32x16

ePT

6.2 E-9
1.6 E-9
4.1 E-10

ep
5.8 E-9
1.2 E-9
6.2 E-10

hl

2vl

{ h2 \ oq2

*2

dh2 ^

8q2

dF
~d^

s-g dF
~th~~d(h

(40)

v2+a dE v2—a dF
h2 dq2 h2 dq2

dh2
-5——yV

C-D-E + F=(

(41)

(42)

In Eqs. (39-41), the subscript / indicates partial derivatives
with respect to time, qlf q2, h{, and h2 are general orthogonal
curvilinear coordinates and their corresponding scale fac-
tors,14 and the k coefficients are functions only of the incom-
pressible flow solution and of the coordinate system, so that
they are constant with respect to time, and are given as

2 dh, vj dv,'

u hj \ hf dqf

*7,.= 2f ^

(43)

(44)

(45)

(46)

(47)

3.0

2.0

Xshock

Mshock

____I________I_____,_____I_____
0 20 40

Iteration number

Fig. 2 ^Convergence history for transonic nozzle flow.
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It is noteworthy that the present perturbative equations have a
structure very similar to that of the standard lambda equations
of Ref. 4; the only additional terms, as in the one-dimensional
flow case, are those associated with the k coefficients and con-
tain the unknown perturbative variables only as linear source
(undifferentiated) terms. Furthermore, the coefficients of the
advection terms are given in terms of the full compressible
flow variables, vl, v29 and a, insofar as they provide the slopes
of the physical bicharacteristic lines.

Equations (39-42) are discretized in time by means of a two-
level Euler time stepping, using the delta form.11 However, for
the present case of two-dimensional flows, only the derivatives
of the perturbative bicharacteristic variables in Eqs. (39-41)
and all the terms in Eq. (42) are evaluated at the new time level
(implicitly), whereas the other terms are all evaluated at the
old time level (explicitly). For example, Eqs. (39) and (42)
become

AC AD
- + ———+ - dAC

At

dql h2 dq2
(48)

where SSEQN(39)n is a shorthand notation for steady-state
Eq. (39) evaluated at the old time level tn, and

AC-AD-A£+AF=0 (49)

respectively.
The resulting equations are then discretized in space using

two-point first-order-accurate upwind differences for the in-
cremental (A) derivatives and three-point second-order-
accurate upwind differences for the derivatives in the right-
hand sides of the equations, so that the final steady-state solu-
tion is second-order accurate. After eliminating the AF
unknowns at all gridpoints by means of Eq. (49), a large
block-pentadiagonal linear system is obtained. Such a system
is factorized by a two sweep block-ADI method4 so that a
3x3 block-tridiagonal system is solved along each row and
column of the computational grid to evaluate AC, AD, and AE
at all gridpoints. All of the perturbative variables and vl9 v29
and a are finally updated and the process is repeated until a
satisfactory convergence is obtained.

It is noteworthy that a fully implicit time discretization, like
the one adopted for the case of one-dimensional flows, has
been employed previously by the authors3'4 for solving the
lambda equations in two dimensions. Here it has been verified
numerically that the present simpler approach converges in a
slightly greater number of time steps, but requires less overall
computer time, thanks to the reduced amount of computing to
be performed at each single time step. Most likely, the conve-
nience of this simpler method is due to the ADI factorization
used to solve the large 3x3 block-pentadiagonal linear system
approximately. A fully implicit time discretization, in fact,
would probably improve the efficiency of the calculations, if

an inexpensive direct solver were available, as in the one-
dimensional case. Furthermore, it seems appropriate to point
out that the incompressible flow velocity field V being readily
available when using the potential flow net as a suitable com-
putational grid,4 the additional computational cost required
for solving the perturbative equations is negligible for the
present case of an implicit integration scheme. In fact, the k
coefficients are evaluated once and for all at the beginning of
the computation and therefore only 8 extra multiplications
and 12 extra additions need to be performed at every gridpoint
and time step to evaluate the additional terms in the equations
and to update the additional variables vl9 v2, and a.

As far as the boundary conditions are concerned, the com-
putational grid is always chosen to be the flow net of the in-
compressible potential flow V. Therefore, the solid bound-
aries are always aligned with the coordinate lines (q^) so that
v2 = 0 at all of the solid-wall gridpoints. For the case of sub-
sonic flows of interest here, two boundary conditions need to
be prescribed at the inlet boundary, whereas only one is re-
quired at the outlet boundary. At the inlet, the total speed of
sound is always imposed, together with the direction of the
velocity vector V9 which is assumed to be parallel to V. Since
the inlet boundary coincide with a potential line for the incom-
pressible flow and is orthogonal to its streamlines, this second
boundary condition becomes v2 = 0- Finally, at the outlet grid-
points, either the pressure (speed of sound) or its stream wise
derivative is prescribed. At all boundary gridpoints, the ap-
propriate boundary conditions (which are all physical ones)
are used to eliminate from the governing equations those
derivatives that involve gridpoints external to the flow
domain. For example, at the outlet boundary, the derivatives
of the D variable with respect to ql cannot be computed and
are thus eliminated using the prescribed pressure condition. A
more detailed discussion of boundary conditions is given in
Ref. 4.

The initial condition for all of the calculations later
presented in this paper is, of course, the incompressible flow
solution V, a', so that all perturbative variables are zero at
the initial time level.

Results
The compressible flow inside the channel comprised be-

tween two ellipses (having semiaxes equal to 1, 0.8, 1.85, and
1.75) has been considered at first in order to verify if the pres-

70

Fig. 3 Geometry and (32x10) computational mesh of the elliptic
channel.

0 60 120
Theta Cdeg. >

Fig. 4 Results for M= 0.69 flow inside the elliptic channel.
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ent perturbative approach could provide more accurate
results than those, already remarkable, obtained in Ref. 4.
The elliptic channel is first mapped into a circular one and
then into a rectangle, by means of successive Joukowsky
transformations (as was done in Ref. 4), so that a uniform
Cartesian grid is obtained in the computational plane, cor-
responding to the incompressible potential flow net in the
physical plane. The geometry of the channel as well as one of
the computational meshes (32 x 10) employed in this study are
given in Fig. 3.

Three flow cases have been considered, characterized by
values of the inlet Mach number at the surface of the inner
ellipse equal to 0.01, 0.2, and 0.69, so as to consider flowfields
ranging from practically incompressible to almost critical con-
ditions. For the lowest Mach number flow case, the results ob-
tained using the present perturbative formulation and three
different meshes are given as the root mean square errors for
the total pressure ePT and the pressure ep with respect to the
exact incompressible flow solution, averaged over the entire
computational domain.

From the results in Table 3, it appears that the method is
second-order accurate, insofar as the error for the total
pressure vanishes as the square of the mesh size, and that the
very coarse (8 x 4) mesh already provides extremely good ac-
curacy; also, the errors for the pressure are extremely low, but
do not vanish quadratically, the exact pressure being different
from the incompressible one due to the nonzero compressibil-
ity effects. Obviously, no solution could be obtained at such a
very low Mach number by means of the standard lambda
method of Ref. 4.

For the M=0.2 and 0.69 flow cases, results have been ob-
tained by means of both the present perturbative approach
and the standard one,4 using three different meshes. The
results are given in Tables 4 and 5 as the root mean square
errors along the surface of the inner ellipse for the total
pressure epr, the pressure ep, and the Mach number eM. It
needs to be pointed out that, whereas the total pressure errors
are computed with respect to the unitary exact solution, the
other errors are computed with respect to the numerical solu-
tions obtained using the same method and the finest (32 x 10)
mesh. Also, a zero stream wise pressure derivative has been im-
posed at all of the outlet gridpoints, except one, where the
pressure itself is prescribed, in all present calculations (see
Ref. 4 for details). From the results in Tables 4 and 5, the
following conclusions can be drawn:

1) The perturbative approach consistently provides more ac-
curate solutions, especially for the coarser meshes and for the
lower value of the Mach number.

2) The total pressure results obtained using the perturbative
method show that the dominant gradients in the flowfield take
place along the stream wise direction, insofar as ePT is seen to
vanish just about as the square of the mesh size in that
direction.

In order to provide a clearer evidence of the accuracy of the
present methodology, the pressure and Mach number distribu-
tions along the wall of the inner ellipse are plotted vs the angle
theta (corresponding to the circular channel obtained after the
first Joukowsky transformation) in Fig. 4 for the most rele-
vant M= 0.69 flow case. The solutions obtained using both the
very coarse (8 x 4) mesh (solid symbols) and the rather coarse
(16x7) mesh (open symbols) are compared with the very ac-
curate solutions (solid lines) obtained using the (32 x 10) mesh
of Fig. 3. In spite of the considerable compressibility effects
(the maximum Mach number is almost equal to one), the solu-
tion with the coarsest mesh is already acceptable and that with
the intermediate mesh isxvery satisfactory. It is noteworthy
that the three flow cases considered above have also been com-
puted using a Dirichlet boundary condition for the pressure at
the outlet of the channel and gave equivalent results.

A second channel flow, proposed by Moretti15 as a severe
subsonic flow problem, has then been considered. The channel
is the symmetric one between a straight line and a circular arc

and is depicted on Fig. 5, together with the finest computa-
tional mesh employed in this study. The straight wall of the
channel goes from x = - 1.339 to*= 1.339, the circular arc has
a radius equal to 1.919 and the minimum width of the channel
(denoted here as "semicircular channel") is equal to 0.245.
Only one flow case has been considered, namely, that cor-
responding to a unitary total pressure at the inlet of the chan-
nel and an outlet Mach number at the straight wall equal to
0.15. The results obtained using the proposed perturbative ap-
proach and three different meshes are given in Fig. 6 as the
pressure and Mach number distributions along the circular

Fig. 5 Geometry and (32x16) computational mesh of the semicir-
cular channel.

Fig. 6 Results for flow inside the semicircular channel.

Table 4 M=0.2 elliptic channel flow results

Mesh Method ePT

8x4

16x7

32x10

Perturb
Standard

Perturb
Standard

Perturb
Standard

1.25
4.34

1.99
3.52

4.93
5.17

E-4
E-3

E-5
E-4

E-6
E-5

6.44
1.93

1.33
1.38

—

E-5
E-2

E-5
E-4

1.49
2.38

2.57
1.03

—

E-6
E-3

E-8
E-5

Mesh

Table 5 M= 0.69 elliptic channel flow results

Method ePT ep

8 x 4

16x7

32x10

Perturb
Standard

Perturb
Standard

Perturb
Standard

1.59
6.97

4.93
5.80

1.16
2.15

E-3
E-3

E-4
E-4

E-4
E-4

5.80
6.02

1.17
1.18

E-3
E-3

E-3
E-3

7.33
1.18

6.80
6.06

E-4
E-3

E-5
E-5
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Fig. 7 Geometry and (33 X10) computational mesh for the channel
with a circular arc hump.

M

.60

.20

Cp

-2.00
-.50

X
.50

Fig. 8 Results for M= 0.52 flow inside the channel with a circular arc
hump.

wall. The solid and open symbols indicate the results obtained
using a very coarse (8x4) mesh and a rather coarse (16x8)
mesh, respectively, whereas the solid lines indicate the fine
(32 x 16) mesh results. The remarkable accuracy achieved also
for such a difficult flow case once more demonstrates the
validity of the proposed methodology. It is noteworthy that
the present results have been obtained using a Dirichlet outlet
boundary condition for the pressure (namely, # = 0), insofar
as the method experienced convergence problems when using a
prescribed stream wise derivative for the pressure at the outlet
of the channel.

Finally, the flow inside a plane channel with a circular hump
was considered, in order to test the present method for a more
general geometry, for which an analytical solution of the cor-
responding incompressible flow is not readily available. The
geometry of the channel is given in Fig. 7, together with the
potential flow net computational grid obtained by means of
the numerical integration of the Schwartz-Christoffel
transformation due to Davis.16 The geometry is such that the
height to chord ratio of the circular arc is equal to 0.2 and the
ratio between the chord of the arc and the width of the channel
is equal to 0.5. It is noteworthy that the computational grids
used in this study are stretched ahead of and behind the hump,
as well as in the transversal direction, but are uniform along
the surface of the hump itself; see Fig. 7, which provides the
finer (33 x 10) mesh employed for the present computations.

The quasicritical flow case corresponding to an upstream
Mach number of 0.52 has been considered as a severe test for
the proposed method. The results obtained using both the
present perturbative approach and the standard lambda
method of Ref. 4 are given in Fig. 8 as the Mach number and

pressure coefficient distributions along the surface of the
hump. The solid lines indicate the perturbative solution using
the (33 x 10) mesh depicted in Fig. 8, whereas the solid and
open symbols indicate the solutions obtained by means of the
method of Ref. 4 and the present one, respectively, using a
coarser (17 x 6) mesh. It clearly appears that the new method
once more provides a considerable improvement in accuracy
over the previous one. Incidentally, the average total pressure
errors along the surface of the hump are about 2 and 0.4% for
the nonperturbative and perturbative solutions, respectively,
and only 0.1% for the perturbative solution using the finer
(33 x 10) mesh.

As far as the efficiency of the present ADI method is con-
cerned, a satisfactory convergence has always been obtained in
about 50 iterations (time cycles), or less, the convergence rate
and optimal CFL numbers being comparable to those of the
similar standard technique of Ref. 4.

Conclusions
A perturbative lambda formulation has been provided for

computing compressible one- and two-dimensional arbitrary
internal flows. New sets of lambda equations have been de-
rived in terms of perturbative characteristic-type variables,
which are the differences between the standard Riemann
variables and those corresponding to an appropriate incom-
pressible flow. The governing equations have been solved
numerically by means of a fully implicit method incorporating
a shock-tracking procedure for one-dimensional flows and of
a block ADI method for two-dimensional flows. The propos-
ed approach has been shown to provide a significant accuracy
improvement over the already very accurate lambda formula-
tion. Current effort is devoted to modify the two-dimensional-
flow method so as to extend its validity into the transonic flow
range.17
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